Abstract
Introduction
The literature on volatility models of asset returns has proposed a large number of specifications, starting with the ARCH model of Engle (1982) and the GARCH model of Bollerslev (1986) . This gives practitioners a wide range of models to choose from and naturally leads to the question: Which is the best volatility model? It is difficult to answer this question because asset returns often do not contain sufficient information to identify a single volatility model as "best". This paper offers some resolution of this quandary. We characterize the volatility models of stock returns that significantly dominate others, in an out-of-sample setting. The metric for assessing the forecasts of volatility models is the Model Confidence Set (MCS) method of Hansen et al. (2003) . The MCS is reviewed in this paper along with a discussion of the inferences that can be drawn from the MCS.
We study the properties of the MCS through simulation experiments and find generally positive results.
The MCS is also benchmarked to a Bonferroni bound approach, and we find the latter to be inferior to the former.
The MCS is an innovative approach to the problem of picking the "best" forecasting model, in this case volatility models, in an out-of-sample evaluation under a loss function specified by the user. The interpretation of a MCS is that of a confidence interval for a parameter, in the sense that a MCS contains the best model with a given level of confidence. Hence, the difference between the MCS and other selection criterion is analogous to the difference between the confidence interval of a parameter and a point estimate of a parameter.
The MCS procedure represents a general approach to model selection. This method neither assumes knowledge of the correct specification, nor does it require that the "true" model is available as one of the competing models. Another advantage is that a MCS does not discard a model unless it is found to be significantly inferior relative to other models. It is also more appealing to work with a set of forecasting models because in practice it often cannot be ruled out that two (or more) competing models are equally good (in population). This suggests the MCS dominates methods that require a single model be selected as "best".
The MCS accounts for uncertainty across a set of forecasting models, rather than uncertainty about the "best" model. The MCS method acknowledges the limitations of the information contained in the data by selecting a set of models, unlike more commonly used model selection criteria which select a single model. However, the MCS can consist solely of the best model. In this case, the MCS signals this model performs significantly better than all other models under consideration.
Determining the Best Forecasting Models
The framework in which one might test for superior predictive ability (SPA), is very similar to that of the MCS method. The MCS approach has three advantages over tests for SPA. First, the MCS procedure is independent of any benchmark model, which SPA tests are not. Second, the MCS method characterizes the entire set of models that are/are not significantly out-performed by other models, while a test for SPA only provides evidence about the relative performance of a particular model. Third, the MCS method relies on tests of simple hypotheses. Thus, it avoids the potential problem of SPA tests in which composite hypotheses are examined, see Hansen (2001a) for details.
A MCS can be used to construct combination forecasts. The exact way that individual forecasts should be combined depends on several characteristics, including the loss function and the correlation structure of model forecasts. If the number of models in the MCS is too large to obtain a sensible estimate of the correlation structure a reasonable way to proceed is to weight the individual forecasts equally. The reason is that the MCS consists precisely of the models that cannot be rejected as being equally good. It is easy to analyze whether the combined forecast outperforms the individual forecasts, by deriving the MCS for the set of models, which includes the combined forecast as an additional model.
If the combined forecast is superior, the MCS of the expanded set of forecasts should consist only of the combined forecast.
Construction of a MCS involves a sequence of tests for equal predictive ability (EPA). This trims the set of candidate models by deleting models that are found to be significantly inferior. The set of surviving models is the MCS, which is guaranteed to contain the best model with a certain level of confidence. The Pantula (1989) testing principle is used because it ensures that sequential testing does not distort the overall size of the test. Readers familiar with the trace-test for selecting the rank in the cointegrated vector autoregressive model will recognize this testing principle, see Johansen (1988 Johansen ( , 1996 .
Tests of EPA has been proposed by Diebold & Mariano (1995) and West (1996) . Their tests are based on asymptotic normality of average (relative) performance, which require an estimate of the asymptotic covariance matrix. Since the dimension of the estimators of this covariance matrix increase with the number of models under consideration, the Diebold and Mariano and West EPA tests are useful for comparing a moderate number of models, but become unwieldy when the objective is to compare a large number of models. This paper is concerned with the problem of drawing correct inference from multiple models. When many models are being compared a dimensionality problem arises, and this problem can be handled with bootstrap techniques. This approach was introduced by White (2000) to test for SPA, and further examined by Hansen (2001b) . This bootstrap approach was also used by Hansen (2002) for in-sample analysis of two or more regression models. The advantage of the bootstrap method is that it circumvents the need for an explicit estimator of a high-dimensional covariance matrix. We apply the block-bootstrap in our analysis, where the bootstrap is used repeatedly in the sequential testing.
We implement the MCS with a study of volatility models of equity returns. Volatility models attempts to describe the intertemporal behavior of the volatility in equity returns. The literature contains a vast number of studies that evaluate and compare volatility models (see, e.g., Poon & Granger (2002) that contains a review of 93 papers). One example is Hansen & Lunde (2001) who report that a GARCH(1,1) model is not significantly outperformed in an analysis of exchange rates. On the other hand, they report the GARCH(1,1) model is inferior to other volatility models in an analysis of IBM stock returns. In their analysis, the best performing volatility models is primarily those that can accommodate a leverage effect.
We estimate and forecast volatility models of daily returns on the SPYDER 1 (Standard & Poor's Depository Receipts, Amex: SPY), which tracks the S&P 500 index. Daily stock returns taken from the Trade and Quote database on a sample that begins in January 3, 1995 and ends with February 28,
2002
. The volatility models we examine are discussed in Hansen & Lunde (2001) . Although it seems reasonable to expect that no volatility models of equity returns outperforms the rest, we report surprisingly small MCSs for the two criteria we use in the evaluation. When evaluating the models using the mean squared error, the MCS contains about a third of the 55 models. Evaluation of models using mean absolute deviation results in a MCS that includes only a VGARCH model, see Engle & Ng (1993) .
This model incorporates an asymmetry term that captures the leverage effect in a simple way, see Black (1976) .
Evidence about the properties of the MCS is acquired through simulation experiments. These results are very encouraging because the MCS is shown to have the correct size and to become more powerful as the expected loss differential (between superior and inferior models) increases. We also compare the MCS to an alternative approach that employs the Bonferroni bound. These results clearly show that the Bonferroni bound method, in its simplest form, is not suitable for the problem of multiple comparison of models.
This paper is organized as follows. In Section 2, we describe the MCS method and its properties.
In Section 3, we apply the MCS procedure to 55 volatility models using daily returns on the SPYDER, which tracks the S&P 500 index. Section 4 reports our simulation study of the MCS method and compares it to a related Bonferroni bound method. Section 5 concludes.
2 1 See, e.g., Hasbrouck (2002) or Elton, Gruber, Comer & Li (2002) 2 The two appendices of the paper contain assumptions and theoretical results for the MCS method and a detailed description of the bootstrap implementation.
Model Confidence Sets for Volatility Models
Let { p t } be a logarithmic price process where a unit of time corresponds to a trading day, such that the continuously compounded daily returns are given by r t = p t − p t−1 , for t ∈ Z. We let F t denote the information set at time t, and define the conditional mean, µ t ≡ E(r t |F t−1 ), and the conditional variance, σ 2 t ≡ var(r t |F t−1 ). The sample is divided into an estimation period, (t = −n 0 , . . . , 0), and an evaluation period, (t = 1, . . . , n). The evaluation is made conditional on the parameter estimates, in the sense that models are compared given these particular estimates.
We substitute a proxy for σ 2 t because the conditional variance is unobserved. As has become common practice, we employ realized volatility, which is a precise measure of σ 2 t .
3 In fact, it is important to use precise measures of the conditional variance to avoid an inconsistent ranking of the alternatives, see Hansen & Lunde (2003) . Our measure of realized volatility is denoted byσ 2 t , and is estimated with the Fourier method, see Malliavin & Mancino (2002) , Barucci & Reno (2002), and Hansen & Lunde (2003) .
The objective is to determine which volatility model best describes the variation in σ 2 t . Table 1 lists the volatility models that we compare with loss functions that are evaluated out-of-sample. The models are indexed by i = 1, . . . , m, and model i's forecasts of σ 2 t is denoted by h 2 i,t . We rank models according to their expected loss using one of two loss functions: mean square error (MSE), L(h
2 , and mean absolute deviation (MAD, L(h
The loss differential between models i and j, is given by,
We make the following assumption about the loss function differential.
Assumption 1 E d i j,t < ∞ and d i j,t is stationary and ergodic, for all
It is important to note that Assumption 1 does not require L(h 2 i,t ,σ 2 t ) to be stationary and ergodic. Assumption 1 makes it possible to define the best volatility model(s) from a set of models under consideration that are denoted by M 0 = {1, . . . , m}.
Definition 1 (Set of superior models) The set of superior models is defined by,
Estimation of Model Confidence Sets
The MCS is determined after sequentially trimming the set of candidate models, M 0 . At each step, the hypothesis
is tested for a set of models M ⊂ M 0 . The hypothesis, H 0 , is a test for EPA over the models in M, Our tests for EPA employ the range statistic, T R , and the semi-quadratic statistic, T S Q , given by
, and
where the sum is taken over the models in M, and var
.
We require an estimate of the (asymptotic) distributions of T R and T S Q to test for EPA under the null hypothesis of (1). The covariances, cov(
are nuisance parameters in this context because the distributions of T R and T S Q depend on them. Fortunately the bootstrap is capable of estimating these distributions consistently, under mild regularity conditions. Alternatively, the asymptotic distributions can be bounded (over the nuisance parameters) using the Bonferroni bound. Although the appeal of the Bonferroni bound method is its simplicity, a drawback this method is that it can be very conservative, which results in very poor power properties.
The Bonferroni bound is based on the observation that T R = max i, j∈M |t i j |, where
and the inequality (Bonferroni bound)
Under standard regularity conditions, it holds that t i j A ∼ N (0, 1), such that the right hand side of (2) critical value from the standard normal, the result is a conservative test with significance level α. This is the simplest form of the Bonferroni bound method, and as can be expected, the power of this method will decrease as m increases. We compare the properties of the Bonferroni bound method to those of the bootstrap method with simulation experiments.
We need to strengthen Assumption 1 to validate our bootstrap implementation. Let d t denote a m(m − 1)/2-dimensional vector whose elements are given by d i j,t for i < j, and i, j ∈ M.
Assumption 2 The process, {d t }, is geometric strong mixing and E |d
The sample average,d = n −1 n t=1 d t , is asymptotically normally distributed under Assumptions 1 and 2. The limit distributions of the test statistics we consider below, are given from this distribution.
The bootstrap avoids the need to obtain an estimate of the (asymptotic) covariance matrix ofd. Sincē d has dimension m(m − 1)/2, it will often be very challenging, or impossible, to work with the limit distribution ofd. Rather than attempt to estimate the limit distribution ofd and transform it into the limit distribution of our test statistics, our bootstrap procedure operates on the distribution of a MCS statistic.
The result is a univariate distribution which avoids the curse of dimensionality.
MCS p-values
A very useful feature of the MCS procedure is that it yields p-values for all models under consideration.
The MCS p-value has the interpretation that a model with a small p-value is unlikely to be a member of the set of superior models, M * . We denote the p-value for model i asp
A MCS p-value is constructed as follows. Index the possible m −1 tests for EPA, by k = 1, . 
If α <p i , there is a test that results in non-rejection prior to the elimination of model i. Conversely, model i is when α ≥p i .
Empirical Analysis
The conditional variance, σ 2 t , is our main object of interest. We examine a large number specifications for σ 2 t , but restrict the specification of the conditional mean to be constant, µ t = µ, and take the standardized innovations, e t ≡ (r t − µ)/σ t , to be Gaussian. The parametric specifications for σ t include the GARCH model of Bollerslev (1986) , the IGARCH model, the Taylor (1986)/Schwert (1989) TS-GARCH model, the A-GARCH, the NA-GARCH and the V-GARCH models suggested by Engle & Ng (1993) , the threshold GARCH model (Thr.-GARCH) of Zakoian (1994) , the GJR-GARCH model of Glosten, Jagannathan & Runkle (1993) , the log-ARCH developed by Geweke (1986) and Pantula (1986) , the EGARCH of Nelson (1991) , the A-PARCH model proposed in Ding, Granger & Engle (1993) , which nests the NGARCH of Higgins & Bera (1992) ), and the GQ-ARCH proposed by Sentana (1995) . Many of these models are nested within the general specifications studied in Hentshel (1995) and Duan (1997) . 6 We also include the FIGARCH and FIEGARCH suggested by Baillie, Bollerslev & Mikkelsen (1996) , and finally the canonical stochastic volatility model. Table 1 summarizes the volatility specifications.
[TABLE 1]
It is worthwhile to note that some specifications are expressed in terms of the innovation, ε t ≡ (r t − µ), while others are expressed in terms of the standardized innovation, e t ≡ ε t /σ t . The specifications have two lag length parameters, denoted p and q. We estimate the models over p, q = 1, 2, with the exceptions of the FIGARCH and FIEGARCH models where p, q = 0, 1.
6 Loudon, Watt & Yadav (2000) compare several models that are nested in the Aug-GARCH model.
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All models are estimated by maximum likelihood. 7 The first pass at the MCS compares 55 models altogether.
Data
The data are SPY transaction prices from the Trade and Quote (TAQ) database. SPY includes all trades and quotes from the New York Stock Exchange (NYSE), American Stock Exchange (AMEX), and National Association of Securities Dealers Automated Quotation (Nasdaq) securities. Intra-day volatility is estimated using transactions from 9:30am to 4pm on a sample period that runs from January 3, 1995 to
February 28, 2002, T = 1802 trading days. Prior to estimation of the intra-day volatility, price observations (i) equal to zero, (ii) of transactions that occurred outside the 9:30 am to 4pm trading day, (iii) more than a 1% deviation from a centered mean of 100 observations, (iv) that move by more than 0.5% in opposite directions in consecutive trading days, and (v) that increased (decreased) by at least 0.5% between times t and t + 1 and remain there ten periods or less were removed from the sample. This reduced the number of intra-day observations from 2,991,154 to 2,886,650, but retained 1802 close-to-close returns.
Empirical Results
The parameters of the volatility models are estimated using the first 1000 inter-day observations. These parameter estimates are used to make one-step-ahead forecasts for the following 802 periods. During the evaluation period, we estimate daily volatility using intra-day returns and the Fourier method; see Malliavin & Mancino (2002) , Barucci & Reno (2002), and Hansen & Lunde (2003) . The MCS are presented in Table 2 .
[ For the semi-quadratic statistic the MCS is presented in Figure 2 as a MSE/MAD scatter-plot.
[FIGURE 2] Table 2 and Figure 2 present the MCS results for the volatility models under consideration. The T S Q test results in a MCS that contains eight models with a confidence level of 75% and 19 models with 90% confidence level 25% under the MSE loss function. Using the same loss function, the more conservative 7 With one exception, the optimization algorithm maximizes the likelihood functions with the simplex method described in Press, Teukolsky, Vetterling & Flannary (1992) . The software platform is C++. The stochastic volatility model is the exception because it was estimated using Ox. In this case, a modification of the Ox code in SVModel.ox is used, see Koopman, Shephard & J.A. Doornik (1999) . This code is found at http://staff.feweb.vu.nl/koopman/sv/.
the two tests to the same inference in which the MCS contains only a single model, the VGARCH12 model. The fact that the MAD criterion leads to fewer models is not surprising because this criterion is less sensitive to outliers (large mispredictions) such that the data can be more informative.
The best performing models have a leverage effect that allows for an asymmetric response in volatility to positive and negative shocks. Black (1976) is the first to note that leverage effect, a negative correlation between stock returns and changes in their volatility, is important for understanding stock return dynamics. The leverage effect implies that volatility tends to rise in response to bad news (defined as lower than expected returns) and tends to fall after good news. Note also that many of the best performing models have specifications for the variance that are based on the standardized innovation, e t . In particular, the best performing model, the VGARCH12, is formulated in terms of the standardized innovations.
It may seem puzzling that the NAGARCH22 is in the MCS for MSE because its sample performance is poor, see model 21 in Table 2 and Figure 2 . The explanation is found in Table 3 .
[ 
provided that the variances are well defined. So the relative size of var(d i· ) is determined by two factors.
One factor is the ratio of the variance of model i's loss relative to the average loss, and the other factor is the correlation between model i's loss and the average loss. The intuition of this decomposition is that a high relative variance makes it difficult to determine whether model i is truly inferior, or was simply 'unlucky' in this sample. Similarly, if the correlation is smallL i,· is not expected to be close toL ·,· .
In Table 3 we report the decomposition of the variance, in terms of the relative variance and the correlation. The calculations are sample averages. This table shows that the NAGARCH22 has a relatively small correlation with the average performance of the other models. 8 Thus, the NGARCH22 ends up in the MCS using the MSE loss function because the data does not contain sufficient information to be able to infer that this model is inferior within the MCS.
A Simulation Study of the MCS Method
We construct a simulation experiment with the following design. The model performances are generated
. . , m and t = 1, . . . , n, where
where λ > 0 defines the performance difference (in population) between good and bad models, and ρ denotes the ratio of models in M * relative to m, (the number of models in M).
We configure our simulation experiments with ρ ∈ {.20, .50, .80}; λ ∈ {1, 3, 5}; m ∈ {10, 40, 100};
and we study the properties of the MCS using the significance levels α ∈ {0.01, 0.05, 0.10, 0.25}. In our simulations we set n = 250. The bootstrap tests were based on B = 1,000 iid bootstrap resamples and the results are based on n iter = 4,000 simulation (or more) for each configuration.
In each simulation we evaluate how the models were classified, as displayed in Figure 1 . From these variables, we compute summary statistics: the frequency that all superior models are con-tained in the MCS,
where 1 {·} is the indicator function; the frequency that the MCS equal was exactly equal to the true set of superior models,
and the frequency that a particular model in
which is the quantity being controlled in the construction of the MCS which implies Q M * α |M * ≥ 1 − α.
We also define the proportion of the models in M * α that are truly superior,
and the proportion of models classified as inferior that are truly inferior,
which represents the "power" of the MCS.
[TABLES 4-6] Tables 4-6 contain the simulation results. 9 The properties of the MCS procedure are as could be expected. The frequency that any of the best models are contained in the MCS (Q M * α |M * ) is always greater than (1 − α), and the MCS becomes better at separating the inferior models from the superior models, as the performance gab, λ, increases. The requirement that M * α = M * is very demanding, yet as λ increases the equality occurs quite frequently. The range test is less powerful than is the semi-quadratic test, and will on average have more models in the MCS. This is not surprising, because the range-test satisfies that all superior models are contained in the MCS, with a frequency no less than 1 − α, see Hansen et al. (2003) . This property is also confirmed by the simulations Q M * ⊂ M * α . Since the semiquadratic test is less conservative it will delete superior models from the MCS at a higher frequency, which is also observed, in particular for the case with m = 100.
9 The simulations were done with Ox versions 3.0 and 3.2, see Doornik (1999) .
Bootstrap versus Bonferroni Bound
Our bootstrap method and the Bonferroni bound method requires an estimate of var(d i j ), to implement the tests. The estimate is easily obtained from the bootstrap resamples. For the sake of comparability, we use the true variance in our simulation experiments, where we compare the Bonferroni bound method to the MCS bootstrap method.
[ 0.20, .50, .80) , and for m = 10, 40, and n = 250. B = 1,000. n iter = 4,000.
The table reports four summery statistics for the two bootstrap tests, (T R and T S Q ), and the Bonferroni bound test. As can be seen, the Bonferroni bound test perform very poorly. The test lacks power so λ needs to be very large before the Bonferroni method is able to tell good and bad models apart.
Summary
This paper studies the model confidence set (MCS) method of Hansen et al. (2003) . The MCS provides a useful tool to select the superior forecasting models from a larger set. The model whose forecasts produce the minimum expected loss defines the best model, where the loss function is selected by the user. The MCS contains the best model with a level of confidence, which is specified by the user. Generally, the number of models in the MCS will increase as the level of confidence increases. Thus, the set of models in a MCS can be interpreted in the same way that a confidence interval covers the part of the real line in which the true value of a parameter resides with a certain significance level. When the MCS (with a high level of confidence) contains only one model, this model is very likely to be the truly superior model, in terms of the loss function that was applied in the construction of the MCS.
The MCS does not require as much prior information as other methods for model selection. There is no need to assume knowledge of the "true" data generating process or the optimal forecasting model in order to apply the MCS. This focuses uncertainty on the set of forecasting models under consideration.
Thus, the MCS recognizes that the limitations of the data imply that in most cases it is not possible to settle on a single model. Instead, the MCS usually chooses the models that perform significantly better than the rest.
We apply the MCS to volatility models to judge their ability to forecast the volatility of stock returns.
The MCS selects VGARCH over the other volatility models we examine when the evaluation is made with the mean absolute deviation loss function, and the MCS contains about a third of the candidate models when the models are evaluated using the mean square error loss function. Thus, the MCS is able to separate superior from inferior volatility models under these loss functions, even at a ten percent significance level.
We study the properties of the MCS with a series of simulation experiments. These experiments reveal that the MCS possess the ability to separate superior from inferior models. In particular, the simulations show that the MCS yields a set of models that contains all, or almost all, truly superior models, but rarely exactly captures the true set of superior models, unless the difference in expected performance of superior and inferior models is large. Perhaps most importantly, the MCS faces few problems when it has to classify inferior models as truly inferior. Thus, the MCS represents a powerful tool to choose the best set of forecasting models.
Appendix A: Assumptions and Theoretical Results
Lemma 1 Letd = n 
where δ ≡ E(d t ), and is the asymptotic covariance matrix.
Proof. Follows by the multivariate central limit theorem for stationary and ergodic processes.
We note that the limit distribution need not be Gaussian, when the evaluation of models is made unconditionally on parameter estimates. Situations where different limit distributions arise, are discussed in West & McCracken (1998) and Clark & McCracken (2001) . The former studies the situation with various estimation schemes and the latter studies the case with nested models, both situations violates our Assumption 1.
Theorem 2 Under Assumptions 1 and 2, the asymptotic distribution of T R and T S Q , under the hypothesis E(d i j,t ) = 0 for all i, j ∈ M, are given by a continuous transformation of N (0, ).
Proof. 
B Appendix B: Bootstrap Implementation
The bootstrap implementation consists of three steps. In the first step resamples are generated. The second step uses the resamples to estimate certain parameters, and the distribution of the test statistic of interest is estimated in step three.
(a) Evaluate the dependence in d i j,t to get the bootstrap dependence parameter (the block-length).
One way to do this is to estimate an autoregressive process for d i j,t i, j ∈ M, and determine its lag-length, e.g., by the use of information criteria. The bootstrap block-length can be set to be the largest lag-length (over i, j ∈ M). v. This is repeated for all resamples b = 1, . . . , B.
2. Estimate variance parameters as follows. 
(a) Calculate the two statistics, T R and T SQ .
(b) The estimated bootstrap distributions of T R and T SQ , under the null hypothesis, are given by the empirical distribution of
respectively.
(c) A p-value of the test for EPA is obtained by calculating the ratio of T *
B.1 The MCS Testing Procedure
1. Initiate the procedure by setting M = M 0 .
Test for EPA of the models in M.
(a) If the EPA-hypothesis is "accepted". We set M * α ≡ M, and report this the (1−α)-confidence set. iii. Remove model i ✝ from M, and repeat step 2. 
Taylor/Schwert:
Thr.-GARCH: 
1 STOCH.VO 
28 ThrGARCH21 This table present some summary statistics of the Loss function variance decomposition. This table present simulation set 1 for ρ = 0.5. 
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